4.1 The unification of electromagnetic and weak interactions

To incorporate electromagnetic interaction we define a weak hypercharge Y and
require that the Gell-Mann-Nishijima relation between Y, the 3. component of the
weak isospin I3 and the electric charge @, holds
1
Q — 13 + §Y
We require invariance under the group product SU(2)r x U(1)y

U (z) = Up(z) = expli(7%¢"(2) + Yoa(2))| VL (2)

er(z) — er(z) = expliYra(z)ler(x)
with 7%, a = 1,2,3 and Y7, gr, respectively, being the generators of the SU(2)r,
and U(1)y symmetry groups. This gauge principle leads to a theory with four
massless vector particles: the non-abelian SU(2) gauge fields, W}, and the abelian
U(1)y gauge field, B,,, with the kinetic part
L= —iBWB“”
and the field strength tensor

B,, =0uB, — o0vB,
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The gauge fields are introduced via minimal substitution, using the gauge covariant

derivative

i
2
with the U(1)y gauge field transforming as

Y
W +ig =B,

Dy =0u+1ig 5

1
9

As a result, the part of the interaction Lagrangian Lr e, involving neutral gauge
bosons reads:

1
EI,lep = _5 {%,L’Y“(QWE + g,YLB,u)Ve,L‘l‘

+ery" (—gW,, + g'YrBy)er + érn" (9'YrBy)er}

Now we can make the following identifications (Y = —1):
_ 1 3 /
Ly = 217 (W, — 9 By)
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being the Z boson that couples to the weak neutral current (NC)
1 1

Jho = 5176,,1;7“1/@,1; — §éL’y“eL — sin® 0, J%,
whereas the to Z,, orthogonal field is the photon field
1
Ay, = (QIW[E + gBu)

that couples to the conserved electromagnetic current
Jéj’m = —éLv”’eL — éRq/“eR — —\Ife’y“\lfe

Here we have introduced the weak mixing angle 6., as

/
g cos O, = g

and it is obvious that the transition from gauge fields to physical fields

sin 0, =

A, =sin HwW3 + cos 0, B,

Z, = cos QwW,‘j’ — sin 6., By,

PHY521

Elementary Particle Physics



just represents a change of basis in fields. Moreover, we have to set

/
Yr = —2 and 99 — e

to obtain the QED interaction Lagrangian. As a result we find the

Pattern of unification: e = ¢gsin 6, = ¢’ cos 8.,

We have replaced three coupling constants by two, the electric charge and the weak
mixing angle, where the latter is a measure of the admixture of the electromagnetic
currrent to the weak neutral current that couples to the Z boson.
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