3.4 The QED Lagrangian

After having quantized the free Dirac particle, as a next step towards a QFT of
electromagnetic interaction among fermions, we need to couple the spin 1/2 Dirac
particle, ¥(x), to a spin 1 Maxwell field A,,.

With the help of the electromagnetic field strength tensor F'** = 9" A”Y — 0¥ A*,

—

where A* denotes the electromagnetic four-potential A* = (V, A) with
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Maxwell’s equations can be expressed compactly in convariant form as follows:
aMF[,LI/ — jl/

€pvpoc O FP7 =0
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with the four-current j# = (p, 7). An appropriate Lagrangian for the free electro-

magnetic field is

1
L pm— —ZF'L“/F'L“/

from which Maxwell’s equations in the absence of sources can be derived.

The electromagnetic potential is not uniquely defined:
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Any electromagnetic potential A* = A* + 9*A(z) describes the same electro-
magnetic field strength tensor. This freedom is called gauge invariance.

The idea of using gauge invariance as a dynamical principle originates from H.Weyl’s
attempts of finding a common geometric basis for both electromagnetism and grav-
ity by requiring invariance under a space-time dependent change of scale (Eichin-
varianz, Eich=gauge, standard of calibration).

The requirement of gauge invariance, i.e. invariance of the Dirac Lagrangian under
local phase rotations
U(z) — U(z)e' ™™
L— L=9(y"0, —m)¥ — q¥(x)y"0,a(z)¥
necessitates the introduction of a vector field A, (spin 1) which transforms as fol-

lows
A, — A, —Oua(x)

and, following the minimal coupling prescription, couples to the Dirac field via the
gauge covariant derivative

0, =D, =0,+1A,.

PHY521 Elementary Particle Physics



The vector field is called a gauge field and the associated particles are called gauge
bosons.

After identifying A,, as the electromagnetic four-potential and ¢ as the electric
charge, the kinetic energy of the vector field, which describes the propagation of
free photons, is added, and we find the QED Lagrangian

- 1
L=Y(x)(iv"Dy —m)¥(zx) — ZFWFW
which is invariant under local phase rotations. Note that a mass term for the photon

m? A* A,, would violate local gauge invariance.

We obtain the equations of motion from Hamilton’s principle of least action: the
Euler-Lagrange equation for ¥(z) yields

(iv" D, — m)¥(x) =0

and for A,

O F" = eUn" T = 5"
which is the inhomogenoeous Maxwell equation with the current density given by
the conserved Noether vector current.
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