The requirement of (micro)causality for the free Dirac fields naturally leads to the
Pauli exclusion principle for the corresponding particles (=field quanta).

A state vector containing two electrons
|k17 r, kQa § >= /d3k1d3k2 Z fT(El)fS(EQ)ai(El)a’l(EQ)m >

vanishes, if the electrons are in the same quantum state because of the postulated
anticommutation relations. This is an example for the spin-statistics theorem: Spin
1/2 particles are fermions, i.e. they have to be quantized according to Fermi-Dirac
spin statistics by using anticommutation relations.

Moreover,
[ d0id'ke 3 £ 1)l (B)al ()0 >
__ / EPhrd®ks S fr(F) fo(Ra)al (B2l (F1)]0 >
SO that

|/€1,’I“, ko, s >= —|k2,8,k1,7" >

Again, as it was the case for the Klein-Gordon field, we have to abandon the no-
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tion that the field operator W describes a single particle wave function - it always
contains both, particle and anti-particle.

The Pauli exclusion principle follows from the anticommutation relations and thus
the multi-particle state for fermions reads

N M
[ ol (k) ] 05,00 >
i=1 j=1

with only one particle in any given quantum state.

Fields with integer spin have to be quantized according to Bose-Einstein statistics,

I.e. by using commutation relations, and thus the multi-particle state for bosons

reads
= (af (k)™ k)
|/€1,...,km >:H
i=1

)
v 1n(ki)
where n(k;) denotes the number of particles in the same quantum state with four-
momentum £k;.

0 >
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To show that the Dirac particle has spin 1/2, we use the Noether theorem and ob-
tain as a consequence of rotational invariance of the Dirac Lagrangian the angular

momentum tensor as follows:
MM = 8 ()N (2H 0" — 27 9" — %a“”)\lf(x)

with o#” = ¢[v*,~+"]. The conserved angular momentum tensor then reads

M“V:/d?’xMO"“’:

— /d3xz'\f/(x)fyo(x“8” — 0" — o™V (x)
where the last term arises due to the non-trivial spin. Let’s consider a particle at
rest (E — () and a rotation around the third component 2> = z. Then only the spin
part contributes and we find

_ o 0

J,=M" = / 4’10 (z) U (z)
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so that

J.al (00 >= —— S (i) | 7 1s(0))al (0)[0 >=

=) (xlo’xs)allo >

After performing the sum over » by choosing the spinors to be eigenstates of ¢,

1

we find that for xs = the one-particle state is an eigenstate of .J, with

: 0 . : L.
eigenvalue 1/2 and for xs = it is an eigenstate of J, with eigenvalue

1
—1/2,i.e.
1
J.al(0)]0 >= i§a1(0)|o >
. 1 .

where the upper sign is for xy; = and the lower sign is for ys =
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This is the result we expect for an electron.

For the positron we find

1
J:b4(0)[0 >= F5b1(0)[0 >

1
where the upper sign is for xs = and the lower sign is for xs =
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U(x) creates quanta of type b, with positive energy and annihilates those of type

as.

)]0 >= / K)e bl 10 >= U7 ()]0 >
DN0>=3 [ S ®e] (@)

W (x) creates quanta of type as with positive energy and annihilates those of type
b

)]0 >= / s (ke allo >= U7 (2)]0 >=
N B (@)

= U(+) ()]0 >

where U{H) and ¥(~) denote the solution of the Dirac equation with negative fre-
quency (with positive energy eigenvalue) and positive frequency (with negative
energy eigenvalue), respectively.

In QED we will use the Dirac spinor field to describe electrons and positrons.
The particles created by a! are electrons with four-momentum k and spin 1/2 and
charge +1 (in units of €) and a polarization appropriate to xs. The particles created
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by b are positrons with four-momentum & and spin 1/2 and charge -1 (in units of
the electron charge e = —|e|) and a polarization opposite to xs. Then, the state
W, (x)|0 > contains a positron at position « and the state ¥, (z)|0 > contains an
electron at position z, where the polarization corresponds to the spinor component

(a = 1,2,3,4) chosen.
How does the Dirac particle propagate in space-time ?

Consider an electron created at (¢, ©) and reabsorbed again (=annihilated) into the

! =/

vacuum at (¢, &'). Then, the corresponding propagation amplitude reads
< 0[wiP (Yol (2)]0 > 6(¢ — 1)

However, in QFT this is equivalent to the creation of a positron at (¢', Z') and its
annihilation at (¢, Z) with ¢ > t', i.e.

< 0[O (2) w7 (2)]0 > 6(¢ — 1)

Thus the propagation amplitude for a free Dirac particle is defined as the superpo-
sition of the two amplitudes

Gr(z,z') =< 00 ()T ) (2)]0 > 0(F —t)— < 0| BT (2) 87 (2)]0 > 6(t—t)
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=< 0|T(¥o(x')Wp(z))|0 >

G r is called the Feynman propagator. 7' denotes the chronological ordering of the
field operators.

Using the explicit expression for ¥(z) and the integral representation of the 6
function, we find for the propagation amplitude of a free Dirac particle

4 oY ' ,

2m)4 k2 —m? + i€

The term proportional to € denotes how the poles in the complex wy plane are (for
e — 0) circumvented, i.e. along which contour the wy. integral is performed.

The Feynman propagator describes the probability amplitude for a Dirac particle to
propagate between the space-time points x and y that is compatible with Lorentz
Invariance.
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G r solves the differential equation

(7" 0, — m)Gr(z) = 6" (z)
Thus, the Feynman propagator is a Green’s function of the Dirac operator (iy*0,, —
m).

Here we make contact between the theory of propagators where scattering ampli-
tudes are written in terms of Green’s functions and Quantum Field Theory where
everything is expressed in terms of quantized fields, i.e. operators.

Now we can write down our first Feynman rule by which we will construct Green’s
functions (they are usually expressed in momentum space):

For each internal fermion line, associate a propagator given by
. 1
* ypu —m i

The Green’s functions describe the physics content of a field theory.
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