3.3 From classical to quantum fields
Quantization schemes:

e Canonical quantization
It closely mimics the development of QM, i.e. time is singled out as a special
coordinate. For complicated theories, such as non-Abelian theories, it is very
tedious.

e Path integral method
An elegant and powerful quantization which is more suitable when guantizing
non-Abelian theories. However, the mathematics of functional derivatives is
quite involved and may not even exist in Minkowski space.

Canonical quantization on the example of a free scalar real-valued Klein-Gordon

field:
Define the canonical conjugate fields (conjugate momenta) as
oL
II(Z,t) = = 0;P
(@0 = 5,9 = %

Transition to quantum fields:

e 1. Re-interpret the fields ¢ and the conjugate momenta as hermitean operators
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in the Heisenberg picture (in the Hilbert space of state vectors).
e 2. Postulate the following commutation relations:
[ (¢, @), T1(t, §)] = i6° (Z - )
and all commutators between & itself and IT itself are zero.

How can we satisfy this relation and what are the direct consequences ?
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We want a decomposition of the scalar field where the energy k° is positive and
where the Klein-Gordon equation is explicitly fulfilled.

In the momentum space 9% + m? becomes k* — m? and we know that plane
waves are a solution. Thus, we choose as an arbitrary solution of the Klein-Gordon
equation an expansion as a Fourier-integral over plane wave solutions as follows:

4 1 2 2 0 _ika ike
d(z) :/d k(2ﬂ)3/25(k —m*)0(k°)[A(k)e” " + ATe™*]

where §(k°) = 1 for k° > 0 and zero otherwise, and A, A" are operator-valued
Fourier coefficients.

This can be simplified as follows
B(z) = / P kla(k)er + al (k)el]

with (wi = V k2 + m2)
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Since the field operators satisfy the above equal-time commutation relations, the
Fourier coefficients must also satisfy them

la(k), o’ (K")] = 6°(k — k')
and

[a(k), a(k")] = [a' (k),a' (K")] = 0
To find the spectrum of states we have to calculate the eigenstates of the Hamilto-
nian.
The Hamiltonian is the conserved “charge” associated with time translations:
Invariance of a physical system under infinitesimal translations in space-time
" =¥ + 62" = 2" + o
implies the conservation law
0, T" () =0
with the energy-momentum tensor 74"

oL

(=) = 5.

0"d — g"' L
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The four constants of motion (0, P” = 0)
PY = /deTOV(x)

are the total energy of the system H = [ d°2T°° and its momentum vector P* =
[dzT%,i=1,2,3.

Thus, the Hamiltonian for the Klein-Gordon field reads

H = % /d3x[H2 + 0;90;® + m*®?) =

_ % / Pkwila(k)a (k) + al (k)a(k)]

The field () can be interpreted as a superposition of harmonic oscillators where
a and a' denote the annihilation and creation operators, respectively.

The ground (vacuum) state |0 > is defined as a(k)|0 >= 0 (normalized to <
0/0 >= 1) and is an eigenstate of H with the eigenvalue % [ d’kw6°(0), the
so-called zero point energy.
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All other energy eigenstates can be build by acting on the vacuum state with
creation operators, i.e. a'(k)a'(p)...|0 > is an eigenstate of H with energy
Wi+ Wp + .. ..

Because of the presence of the zero point energy, the energy of the vacuum state
Is infinite. Howvever, we can simply disregard this term, since infinite shifts in the

Hamiltonian cannot be measured, i.e. only energy differences not absolute values
are measureable.

The fact that the zero point energy can be dropped is taken into account by assum-
ing that product of fields at the same point in space-time are always normal (\Wck)
ordered: all annihilation(creation) operators are moved to the right(left)

1 1
§(aTa + aa') —: i(aTa +aa') :=ala

Interpretation of the eigenstates:

The total energy-momentum operator reads

P* = %/d%k“a’f(k)a(k)
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From the commutation relations it follows
[P*,a'] = k*a' = P*a’|0 >= k*a'|0 >

i.e. the state |k >= a'|0 > is an energy-mometum eigenstate. The operator

a' creates a quantum with momentum & and energy wy = V k2 —m2. Thus,
these excitations can be called particles, since they are discrete entities that have
the proper relativistic energy-momentum relation. The energy and the norm <
k|k' >= 6°(k — k') of the states are always positive.

The state
¢(x)|0 >= /d3ke_i’m|k >

can be interpreted as a linear superposition of single particle states that have well-
defined momentum.
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The field-particle duality now becomes evident:

< k|®(x)]0 >=< 0|a(k)®(z)|0 >= **
I.e. the field ® (its negative frequency part) acting on the vacuum creates a particle

at point z with continuous momentum spectrum and propagating as a plane wave
(with positive energy).

The requirement of (micro) causality as expressed in form of equal-time commuta-
tion relations for the field operators leads to the Bose-characteristics of the Klein-
Gordon field:

a'(k1)a' (k2)|0 >= a'(k2)a’ (k1)[0 >

|]€1,k2 >= |]€2,]€1 >

PHY521 Elementary Particle Physics



