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Moti vation

W-pair production in e+ e� -colliders:

large background

precise measurement of W-mass

investigation of triple boson vertex
) probe for anomalous gauge coupling
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electroweakcorrectionsat high energies

electroweak corrections in high energy approximation

s; jtj; juj � M2
W;Z

dominated by large logarithms log( s
M2

W;Z
)

(M acts as regulator for infrared singularities)

origin of logarithms

soft and collinear singularities
) Sudakov double logarithms

soft or collinear singularities
) Sudakov single logarithms

wave function renormalization and running coupling
) UV (single) logarithms

) double and single logarithms per loop
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electroweakcorrectionsat high energies

scattering amplitude for a (simple) theory with one mass scale

A = å
n

and(n)ABorn

d(n) = cn(2n) log(2n)
� s

M2

�

| {z }
leadinglog; LL

+ cn(2n� 1) log(2n� 1)
� s

M2

�

| {z }
NLL

+ : : :

properties:

coef�cients depend on scattering angle

coef�cients become larger for lower orders of logarithms

altering sign of coef�cients

) subleading logs are important
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electroweakcorrectionsat high energies

typical size at
p

s= 1 TeV

O
�
a logn( s

M2 )
�

� 10%

O
�
a2 logn( s

M2 )
�

� 1%

ILC: experimental accuracy one percent

) two-loop logarithms necessary

massive gauge bosons ) exclusive ew. corrections
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Curr ent status

LL: a2
ew ln4(s=M2

Z;W) All processes
[Fadin, Lipatov, Martin, Melles '99]

NLL: a2
ew ln3(s=M2

Z;W) Four-fermion processes
[Kühn, Penin, Smirnov '99]

NLL: a2
ew ln3(s=M2

Z;W) All processes
[Melles '00]

NNLL: a2
ew ln2(s=M2

Z;W) Four-fermion processes
[Kühn, Moch, Penin, Smirnov '01]

N3LL: a2
ew ln(s=M2

Z;W) Four-fermion processes
[Feucht, Kühn, Penin, Smirnov '05]

NNLL: a2
ew ln2(s=M2

Z;W) e+ e� ! W+ W�

[Kühn, Metzler, Penin in preparation]
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W-pair production

e+
L e�

L � ! W+
T W�

T

W�
T

W+
Te+

e�

� s-channel vanishes due
to charactar of triple boson
vertex

e+
L e�

L � ! W+
L W�

L

� +

e�

e+

� �

� no scalar coupling to
t-channel process

� righthanded initial states
supressed since no SU(2)
intermediate states

Goldstone: W�
L � ! f �HE
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W-pair production

one-loop:

soft and collinear divergences in QED corrections regularized
by arti�cial photon mass l

Scales hierarchy: s � M2
Z � M2

W � M2
H| {z }

M2

� l 2

two types of large logs: log( s
M2 ), log( s

l 2 )

leading asymptotics in M2

s , l
M

neglect fermion masses

) SU(2), UY(1), UQED(1) corrections with one mass scale
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W-pair production

one-loop:

inclusion of full mass dependence:

MW 6= MZ 6= MH 6= mt 6= 0
[Beenakker, Denner, Dittmaier, Mertig, Sack '93]

) initial conditions

two-loop:

derivation of leading two-loop results from one-loop
calculations by means of evolution equations
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evolution equations

decomposition of the amplitude A

A = ig2

q2 ZÃ

Z : Z-factor; contains all collinear logarithms

Ã : reduced amplitude; contains angular dependence,
matrix structure in isospin and helicity space

obey evolution equations

¶
¶lnQ2 Z =

" Z Q2

M2

dx
x

g(a(x)) + z(a(Q2)) + x(a(M2))

#

Z [A: Mueller 079; J: Collins 080]

¶
¶lnQ2

ÄA = c(a(Q2)) ÄA [A: Sen083]

Q2 = � s; g(a) = å
n

� a
4p

� n
g(n) ; : : :
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evolution equations

solution ! exponentiation

Z = exp
� Z Q2

M2

dx
x

� Z x

M2

dx0

x0 g(a(x0)) + z(a(x)) + x(a(M2))
� �

ÄA = P
�

exp
� Z Q2

M2

dx
x

c(a(x))
� �

ÄA0(a(M2))

coef�ciants:

soft anomalous dimensions: g, z, c

initial conditions: x, Ã0
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evolution equations

solution ! exponentiation

Z = exp
� Z Q2

M2

dx
x

� Z x

M2

dx0

x0 g(a(x0)) + z(a(x)) + x(a(M2))
� �

ÄA = P
�

exp
� Z Q2

M2

dx
x

c(a(x))
� �

ÄA0(a(M2))

two-loop NNLL: g(1;2); z(1); c(1); x(1); A(1)
0

complete one-loop calculation

g(1;2)
w+ w� =

CA

CF
g(1;2)

f f̄ ; g(2)
f f̄ = CF

��
�

134
9

+
2
3

p2
�

CA +
8
9

�
5nf + 2ns

�
TF

�

[J. Kodaira, L. Trentadue '82]
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evolution equations

example of U(1) Abelian formfactor

derivation of two-loop NNLL by one-loop calculation

determination of one-loop parameters:

A(1) = Z(1)AB = ;(1log2( s
M2 )� 3log( s

M2 ) + 7
2 � p2

3 )AB

A(1) = F (1)AB = ( 1
2g(1) log2( s

M2 ) + (x(1) + z(1)) log( s
M2 ) + F(1)

0 )AB

two-loop NNLL expansion:

A(2) =
�

1
8(g(1))2 log4( s

M2 ) +
�

1
2(x(1) + z(1))2 � 1

6b0g(1)
�

log3( s
M2 )

A(2) = +
�

1
2g(2) + (x(1) + z(1))2 � b0z(1) + F(1)

0 g(1)
�

log2( s
M2 )

�
AB

with g(2) from previous slide )

A(2) =
�

1
2 log4( s

M2 )� 52
9 log3( s

M2 ) + ( 635
18 + p2

6 ) log2( s
M2 )

�
AB
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evolution equations

EWSM contains two mass scales ) split amplitude:

Asymto symmetric phase UY(1) � SU(2) with mass scale M

subtract UQED to UQED(1) with ®ctitious photon mass l

) physical amplitude

UQED( j)
| {z }
! log( s

M2 )

UQED( j j j)
| {z }

! log( s
l 2 )

A(Q; l ;M) = Asym(Q;M)
UQED(Q;M) UQED(Q; l ) + O

�
l
M

�

[Fadin, Lipatov, Martin, Melles '99]

initial conditions: Asym(M;M) = Ã0sym, UQED(M;M) = 1

) hard evolution equation: dynamics above ew. scale s � M2

) infrared evolution equation: l dependence of virtual corrections
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W-pair production

relative corrections to Born cross section: s ' (1+ d(1) + d(2)) sB

e+
L e�

L � ! W+
T W�

T

d(1) =
� a

4p

� h
� 20:49log2

� s
M2

�
+ 56:35log

� s
M2

�
� 97:07

i

d(2) =
� a

4p

� 2 h
209:63log4

� s
M2

�
� 1031:71log3

� s
M2

�
+ 3207:92log2

� s
M2

� i

e+
L e�

L � ! W+
L W�

L

d(1) =
� a

4p

� h
� 10:29log2

� s
M2

�
+ 36:31log

� s
M2

�
� 95:76

i

d(2) =
� a

4p

� 2 h
52:92log4

� s
M2

�
� 303:79log3

� s
M2

�
� 1313:20log2

� s
M2

�i
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W-pair production

e+
L e�

L � ! W+
T W�

T

relative corrections to transverse Born cross section

one-loop

1000 2000 3000 4000-0.8

-0.6

-0.4

-0.2

0

0.2 LL
NLL
NNLL
total

p
s=GeV

d(1)

two-loop

1000 2000 3000 4000-0.2

-0.1

0

0.1

0.2

0.3
LL
NLL
NNLL
total

p
s=GeV

d(2)
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W-pair production

e+
L e�

L � ! W+
T W�

T

relative corrections to differential cross section

one-loop

30 60 90 120 150-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3
LL
NLL
NNLL
total

q( � )

ds(1)=dW
dsBorn=dW

two-loop

30 60 90 120 150

-0.08

-0.04

0

0.04

0.08 LL
NLL
NNLL
total

q( � )

ds(2) =dW
dsBorn=dW
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W-pair production

e+
L e�

L � ! W+
L W�

L

relative corrections to longitudinal Born cross section

one-loop

1000 2000 3000 4000-0.4

-0.3

-0.2

-0.1

0

0.1
LL
NLL
NNLL
total

p
s=GeV

d(1)

two-loop

1000 2000 3000 4000

-0.04

-0.02

0

0.02

0.04

0.06 LL
NLL
NNLL
total

p
s=GeV

d(2)
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W-pair production

e+
L e�

L � ! W+
L W�

L

relative corrections to differential cross section

one-loop

30 60 90 120 150

-0.2

-0.1

0

0.1

0.2 LL
NLL
NNLL
total

q( � )

ds(1)=dW
dsBorn=dW

two-loop

30 60 90 120 150-0.03

-0.02

-0.01

0

0.01
LL
NLL
NNLL
total

q( � )

ds(2) =dW
dsBorn=dW
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summary

dominant two-loop electroweak corrections to W-pair
production in e+ e� -collisions have been evaluated

theoretical uncertainty of cross section e+ e� ! W+ W� at
high energies is reduced to 1� 2%

problems to solve:

linear logs

small angle WT production
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