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Standar d Model �ts:
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Excluded Preliminary

Dahad =Da(5)

0.02758A0.00035

0.02749A0.00012

incl. low Q2 data

Theory uncertainty

mLimit = 144 GeV

M H = 76:4+33
� 24 GeV

M H < 144 GeV with 95%CL

M H < 182 GeV with 95%CL
(including direct limit of 114:4 GeV)
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ZFITTER role:

Blue Band Plot and all �tting plots of the Standard Model are created by
LEPEWWG with the help of ZFITTER program:

written by D. Bardin, P. Christova, M. Jack, L. Kalinovskaya, S. Olshevski,
S. Riemann, T. Riemann

now supported by T. Riemann, with support group M. Awramik, M. Czakon,
A. Freitas, M. Grünewald, K. Mönig, S. Riemann.

calculates standard model observables:
cross-sections, widths, asymmetries, M W

two observables dominate M H prediction and error:
M W and sin2 � ef f

Note:

� 2 =
�

M th
W � M exp

W

� M exp
W

� 2

+

 
sin2 � th

ef f � sin2 � exp
ef f

� sin2 � exp
ef f

! 2

! M H = 83GeV
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Prediction: W boson mass

includes the following:

� r = � r ( � ) + � r ( �� s ) + � r ( �� 2
s ) + � r ( � 2 )

ferm + � r ( � 2 )
b os + � r ( G 2

� � sm 4
t ) + � r ( G 3

� m 6
t )

the �tting formula:

M W = M 0
W � c1 dH � c2 dH2 + c3 dH4 + c4(dh � 1) � c5 d�

+ c6 dt � c7 dt 2 � c8 dH dt + c9 dh dt � c10 d� s + c11 dZ

M. Awramik, M. Czakon, A. Freitas, G. Weiglein, Phys. Rev. D69 (2004) 053006

dH = ln
�

M H

100

�
; dh =

�
M H

100

� 2

;

dt =
� mt

174:3

� 2
� 1; dZ =

M Z

91:1875
� 1;

d� =
� �

0:05907
� 1; d� s =

� s(M Z )
0:119

� 1

M 0
W = 80:3799; c1 = 0:05429; c2 = 0:008939

c3 = 0:0000890; c4 = 0:000161; c5 = 1:070

c6 = 0:5256; c7 = 0:0678; c8 = 0:00179

c9 = 0:0000659; c10 = 0:0737; c11 = 114:9
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Prediction: W boson mass

theoretical uncertainty:

parametric:
mt : 17 MeV ! 10 MeV ! 1 MeV
� � : 6 MeV ! 1 MeV
intrinsic
4 MeV for M H < 300 GeV

experimental uncertainty:
present: 25 MeV
LHC: 5 � 15 MeV
ILC: 7 MeV

typical comparison to the experiment:

M H = 55 GeV
200 400 600 800 1000

MH [GeV]

80.2

80.3

80.4

80.5

M
W

 [G
eV

]

MW
exp

 = (80.426 +- 0.034) GeV

exp. lower bound on MH = 114.4 GeV

SM prediction for MW
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De�nitions

Effective weak mixing angle determined:

Z

f

f

sin2 � ferm
eff =

1
4

�
1 + Re

gV

gA

�

Z

f
e+

e� f

sin2 � ferm
eff =

�
1 �

M 2
W

M 2
Z

�
(1 + � � )
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General approach

Renormalization at two loop level

on mass shell propagator diagrams

numerical programs for arbitrary mass con�gur ations ! S2LSE

Vertex diagrams

few masses present ! apply asymptotic expansions

for tests and as main approach for the nearest future
numerical and/or semi-analytical approach
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case 1: loops with light fermions

1

one scale only M W
M Z

reduction by

Integration by Parts
(K. Chetyrkin, F. Tkachov, '81)

Lorentz Invariance Identities
(T. Gehrmann, E. Remiddi, '00)

master integrals by differential
equations techniques

result in analytical form, by
polylogarithms at most
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case 2: fermionic diagrams with top quark

!

!

!

!

1

two scales M W
M Z

and M t
M Z

asymptotic expansions in
heavy top quark mass

the sum expanded down to 6th

order, with relative precision
10� 4
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case 3: bosonic diagrams

Possible topologies:

1

7 topologies but about 100 mass
patterns

only up to two scales
M W
M Z

and M H
M Z

but: no three scale diagrams

here: blue - M Z , red - M W , green - M H
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case 3a: bosonic diagrams

Diagrams with 1 scale M W
M Z

1

apply mass difference expansion
in sin2 � W

in some cases threshold
expansion necessary

two regions contribute,
hard-hard (k � 1)
ultrasoft-ultrasoft
(k � sin2 � W )

relative error � 10� 5

here: blue - M Z , red - M W , green - M H
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case 3b: bosonic diagrams

Diagrams with 2 scales M W
M Z

; M H
M Z

1

mass difference expansion in sin2 � W

for relatively light Higgs boson

M H � M W � M Z

apply mass difference expansion in

s2
h = 1 �

M 2
H

M 2
Z

for heavy Higgs boson

M H � M Z

apply large mass expansion
here: blue - M Z , red - M W , green - M H Electroweak two loop corrections to the effective weak mixing angle – p.13/28



Prediction: sin2 � lept
eff

includes the following:

sin2 � lept
eff

�
�
� + � 2 + �� s+ �� 2

s + � 2 � sm 4
t + � 3 m 6

t

the �tting formula:

sin2 � lept
eff = s0 + d1L H + d2L 2

H + d3L 4
H + d4(� 2

H � 1) + d5� � + d6� t

+ d7� 2
t + d8� t (� H � 1) + d9� � s + d10 � Z ;

M. Awramik, M.Czakon, A. Freitas, G. Weiglein, Phys. Rev. Lett. 93 (2004) 201805;
M. Awramik, M.Czakon, A. Freitas, JHEP 0611:048, 2006

L H = log
�

M H

100 GeV

�
; � H =

M H

100 GeV
; � � =

� �

0:05907
� 1;

� t =
� mt

178:0 GeV

� 2
� 1; � � s =

� s(M Z )
0:117

� 1; � Z =
M Z

91:1876 GeV
� 1:
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Prediction: sin2 � lept
eff

Contributions to � � , where M W - input parameter:

MH O(� ) O(� 2)ferm O(� 2)bos O(� � s) O(� � 2
s) O(� 2� sm4

t ) O(� 3m6
t ) red.

[GeV] [10� 4]

100 413.33 1.07 -0.74 -35.58 -7.25 1.15 0.14 0.69

200 394.02 -0.32 -0.47 -35.58 -7.25 1.90 0.07 0.70

600 354.06 -2.89 0.17 -35.58 -7.25 3.70 0.08 0.72

1000 333.16 -2.61 1.11 -35.58 -7.25 4.53 0.91 0.72

1

O(� ) A. Sirlin, W. J. Marciano '80;
O(�� s ) A. Djouadi, '88; F. Halzen, B. A. Kniehl, '91;

O(�� 2
s ) L. Avdeev et al., '94; K. Chetyrkin, J. Kühn, M. Steinhauser, '95;

O(� 2 � sm4
t ; � 3m6

t ) M. Faisst, J. Kühn, T. Seidensticker, O. Veretin, '03;

O(� 2
f er m ) M. Awramik, M. Czakon, A. Freitas, G. Weiglein, '04; W. Hollik, U. Meier, S. Uccirati, '05;

O(� 2
bos ) M. Awramik, M. Czakon, A. Freitas, '06; W. Hollik, U. Meier, S. Uccirati, '06;
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Prediction: sin2 � lept
eff

Contributions to sin2 � lept
eff , where G� - input parameter:

MH M
[ferm]
W M

[ferm+bos]
W sin2 �

[ferm]
e� sin2 �

[ferm+bos]
e� � sin2 � e� � 10� 4

100 80.3694 80.3684 0.231434 0.231438 0.04

200 80.3276 80.3270 0.231769 0.231769 0.00

600 80.2491 80.2490 0.232322 0.232327 0.05

1000 80.2134 80.2141 0.232563 0.232574 0.12

1

O(� ) A. Sirlin, W. J. Marciano '80;
O(�� s ) A. Djouadi, '88; F. Halzen, B. A. Kniehl, '91;
O(�� 2

s ) L. Avdeev et al., '94; K. Chetyrkin, J. Kühn, M. Steinhauser, '95;

O(� 2 � sm4
t ; � 3m6

t ) M. Faisst, J. Kühn, T. Seidensticker, O. Veretin, '03;
O(� 2

f er m ) M. Awramik, M. Czakon, A. Freitas, G. Weiglein, '04; W. Hollik, U. Meier, S. Uccirati, '05;

O(� 2
bos ) M. Awramik, M. Czakon, A. Freitas, '06; W. Hollik, U. Meier, S. Uccirati, '06;
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Prediction: sin2 � lept
eff

theoretical uncertainty:

parametric
mt : 1:4 � 10� 4 ! 0:4 � 10� 5

� � : 1:3 � 10� 3 ! 1:8 � 10� 5

M Z : ! 1:4 � 10� 5

intrinsic
4:7 � 10� 5

experimental uncertainty:
present: 1:6 � 10� 4

LHC: 1:4 � 10� 4

ILC: 1:3 � 10� 5

typical comparison to the experiment:

M H = 115 GeV

100 300 500 700 900
MH [GeV]

0.231

0.2315

0.232

0.2325

si
n2 q ef

f

exp. lower bound MH = 114.4 GeV

exp. value 0.23150 +/� 0.00016

prediction
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Result for light quarks

easily obtained from the leptonic
case

included in standard model �ts

at one loop differences at
0:2 � 10� 3 for low M H

0 200 400 600 800 1000
MH[GeV]

0.008

0.0085

0.009

0.0095
leptons
down quarks
up quarks

One loop electroweak corrections to sin
2
qeff
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Result for light quarks

easily obtained from the leptonic
case

included in standard model �ts

at two loop EW corrections,
differences at 1:7 � 10� 5

0 200 400 600 800 1000
MH[GeV]

-0.000125

-0.0001

-7.5e-05

-5e-05

-2.5e-05

0

leptons
down quarks
up quarks

Two loop electroweak fermionic corrections to sin
2
qeff

�tting formulas in :
M. Awramik, M.Czakon, A. Freitas, JHEP 0611:048, 2006
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Missing case: b-quarks in the �nal state

Z

b

b

Electroweak two loop corrections to the effective weak mixing angle – p.20/28



Last case: b-quarks in the �nal state

For fermionic case:

Z

b

b

H

Z

Z; 


b
Z

b

b

W

W

W

Z

b

b

W

W

W

b

Z

b

b

Z; 


Z; 
b

b

Z

b

b

W

W

b
Z

b

b

W

W

Z

Z; 


b

b

bZ; 


Z

W
b

bW

b Z

W
b

bW

b

b

Z

W
b

bW
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Last case: b-quarks in the �nal state

First approach: heavy mass expansion

In general, four regions to treat

k1 � M ; k2 � M

k1 � M ; k2 � m

k1 � m; k2 � M

k1 � m; k2 � m

which reduce two loop vertices up to two loop vacuum integrals

easy to implement and easy to evaluate

but, poor precision!
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Last case: b-quarks in the �nal state

Second approach: numerical evaluation

apply Sector Decomposition on diagrams (T. Binoth, G. Heinrich, '02)

also test Bernstein-Tkac hov algorithm (F. Tkachov '97, G. Passarino '01)

e.g. for one loop diagram in Feynman parameters x:
Z

Q(x)
V � (x)

;

with V (x) = xT ~V x + 2RT x + Z .
Then

1
�

�
1 �

(x + A)@x
2(� + 1)

�
V � +1 (x) = V � (x);

where � = Z � RT ~V � 1 R, A = RT ~V � 1:
For two loop case, apply this on a sub-loop.
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Last case: b-quarks in the �nal state

For comparison, an example:

Z

b

b

W

W

b

Sector Decomposition + Cuba library

� 0:00884880

... + Bernstein-Tkachov algorithm

� 0:00884890

large mass expansion:

c� 10
t : � 0:008059

c� 14
t : � 0:008599

c� 18
t : � 0:008862
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Last case: b-quarks in the �nal state

and another example:

Z

W
b

bW

b

Sector Decomposition + Cuba library

0:06548802

... + Bernstein-Tkachov algorithm

0:06548048

large mass expansion:

c� 6
t : 0:064902

c� 7
t : 0:065217

c� 9
t : 0:065412
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Tests of sin2 � bb
eff

Heavy top quark mass expansion for all 2-loop vertex
diagrams:

80 90 100 110 120 130 140 150 160 170 180

mt [GeV]

-0.0002

-0.0001

0

1e-04

0.0002

si
n2 q ef

f

O (mt
-2

 )

O (mt
-4

 )

O (mt
-6

 )

O (mt
-8

 )

O (mt
-10

 )
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Tests of sin2 � bb
eff

Heavy top quark mass expansion for sin2 � bb
eff:

100 110 120 130 140 150 160 170 180

mt [GeV]
-5e-05

0

5e-05

0.0001

0.00015

0.0002

si
n2 q ef

f

O (mt
-2

 )

O (mt
-4 

 )

O (mt
-6

 )

O (mt
 -8 

 )

O (mt
-10

 )

already tested:

�niteness
gauge invariance
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Summar y

Complete two loop fermionic and bosonic contributions are available for
the leptonic two loop electroweak effective weak mixing angle, and used
in electroweak �ts .

The same for the light quarks.

The result for the fermionic case with a pair of b quarks in a �nal state is
available as heavy mass expansion and being tested against (semi-)
numerical evaluations.
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